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Probably Recordings from a Lecture about Methods of Astronomical Observations 

in the year around 1990 in the Astronomical Institute in Vienna. 

The professor reported about overlaped photography of the sky in different time, while all 

objects move and the mathematics which gives out the orbit parameters of all objects 

(calculated back to the equinox of 1st Jan 1900 or so), while accuracy errors are corrected 

especially the distortion of the telescope. 

𝑥 = 𝑥0 + 𝜉 

𝜑(𝜉) = 𝐶𝑒(−
1
2
𝜉𝑇𝜎−1𝜉) 

𝜎(𝜚, 𝑃) = (
𝜎𝜚𝜚 0

0 𝜚𝑃𝑃
) 

𝜎(𝑥, 𝑦) = (
𝜗(𝑥, 𝑦)

𝜗(𝜚, 𝑃)
) 𝜎(𝜚, 𝑃) (

𝜗(𝑥, 𝑦)

𝜗(𝜚, 𝑃)
)

𝑇

 

𝜗(𝑥, 𝑦)

𝜗(𝜚, 𝑃)
= (

cos 𝑃 sin 𝑃
−𝜚 sin 𝑃 𝜚 cos 𝑃

) 

𝜎(𝑥, 𝑦) = (
𝜎𝜚𝜚 cos 𝑃 𝜎𝑃𝑃 sin 𝑃

−𝜚 𝜎𝜚𝜚sin 𝑃 𝜚 𝜎𝑃𝑃 cos 𝑃
) (
cos 𝑃 −𝜚 sin 𝑃
sin 𝑃 𝜚 cos 𝑃

) 

ausmultiplizieren 

 

𝜉𝑇𝜎−1𝜉 = 𝑀𝑖𝑛 !    𝑀𝑢𝑙𝑡𝑖𝑣𝑎𝑟𝑖𝑎𝑡𝑒 

𝐹(𝑥0 + 𝜉, 𝑎) = 0                        𝑎 (
𝑏 + 𝛽
𝑐
)                   𝜓(𝛽) = 𝐾𝑒(−

1
2
𝛽𝑇𝜎−1𝛽) 

𝑏 =
𝑏1
⋮
𝑏𝑙  
  
  
 
 

               

𝑏 =

𝑏1 + 𝛽11
𝑏1 + 𝛽12
𝑏1 + 𝛽𝜆1         ___________

        𝑏2 + 𝛽21
         𝑏2 + 𝛽2𝜆1        ___________
        𝑏𝑙 + 𝛽𝑙1
        𝑏𝑙 + 𝛽𝑙𝜆𝑙

 

𝜎 = 𝐼   

𝜉𝑇𝜉 = ∑ 𝜉2𝜇 = 𝑀𝑖𝑛 ! 𝑚
𝜇=1         L2-Form 

Form gleichgenauer unkorrelierter Beob. 
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𝐹 ≡ 𝐴 .  𝑎 − 𝑥 = 0  Linearform 

         m*n    n*1    m*1 

𝐴𝑎 − 𝑥0 = 𝜉 

(𝑎𝑇𝐴𝑇 − 𝑥0
𝑇)(𝐴𝑎 − 𝑥0) = 𝜉

𝑇𝜉 

𝑎𝑇𝐴𝑇  𝐴⏟
𝑚,𝑛

 𝑎⏟
𝑛,1

− 𝑥0
𝑇𝐴 𝑎 − 𝑎𝑇𝐴𝑇𝑥0⏟          

−2𝑎𝑇𝐴𝑇𝑥0

+ 𝑥0
𝑇𝑥0        nr of rows and cols of the matrixes must be correct 

𝐴𝑇  𝐴 = 𝑄 

2𝐴𝑇𝐴 𝑎 = 2𝐴𝑇𝑥0                                      𝐴
𝑇𝐴 𝑎 = 𝐴𝑇𝑥0  

�̂� = (𝐴𝑇 𝐴)−1𝐴𝑇𝑥0           Bedingungsgleichungen 

 

∝ 𝑦 + 𝛽𝑧 − 𝛾 = 0 

𝑥 =

(

 
 
 
 

𝑦1
𝑧1
𝑦2
𝑧2
⋮
𝑦𝑛
𝑧𝑛)

 
 
 
 

         𝑎 (

∝
𝛽
𝛾
) 

 

 

 

 

𝑠 = 𝜉𝑇𝜎−1𝜉 − 2Λ𝑇𝐹    →     
𝜗𝑠

𝜗𝜉
 

𝐴 = (
𝜗𝐹

𝜗𝑎
)                𝑋 = (

𝜗𝐹

𝜗𝑥
)    Funktionalmatrix 

 

 

 

 

 

               p+n Gleichungen 

Helmert 1880 

Edwards Deming 1943 

1955 Duanel Brown 

Ballistics Research Lab Rep II 935 

Aberdeen Proving Grounds, MD 

Astronomical Journal 

Monthly Notices 

𝜉 = 𝜎⏟
𝑚∗𝑚

𝑋𝑇⏟
𝑚∗𝑝

Λ⏟
𝑝∗1

 

𝐹(𝑥0 + 𝜎𝑋
𝑇Λ, 𝑎) = 0                    𝐴𝑇⏟

𝑛∗𝑝

Λ⏟
𝑝∗1

= 0 
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𝐴 = (
𝜗𝐹

𝜗𝑎
)𝑎=𝑎0
𝑥=𝑥0

                                
‖∝‖

𝑎
≪ 1,   

‖𝜉‖

‖𝑥0‖
≪ 1  

𝑋 = (
𝜗𝐹

𝜗𝑥
)
𝑎=𝑎0
𝑥=𝑥0

 

 

𝑋𝜉 + 𝐴𝛼 + 𝐹0 = 0 

𝐹0 = 𝐹(𝑥0, 𝑎0)    (
𝑋𝜎𝑋

𝑇 𝐴

𝐴𝑇 0
) (
Λ
𝛼
) + (

𝐹0
0
) = (

0
0
)

⏟                    
𝑋𝜎𝑋

𝑇Λ+𝐴𝛼+𝐹0=0

Λ=−(𝑋𝜎𝑋𝑇)
−1
(𝐴𝛼+𝐹0)

 

𝛼 = −[𝐴𝑇(𝑋𝜎𝑋𝑇)−1𝐴]−1𝐴𝑇(𝑋𝜎𝑋𝑇)−1𝐹0 

klassisches Ergebnis  
Spezialfall von oben 
 

𝐴 = 𝐴      𝑋 =  −𝐼       𝑋𝜎𝑋𝑇 = 𝑠 𝐼 
 

(𝑋𝜎𝑋𝑇)−1 =
1

𝑠
 𝐼              𝐹0 = 

 
𝛼 = (𝐴𝑇𝐴)−1𝐴𝑇𝑥0 
 
Fälle, daß die Matrix    𝑋𝜎𝑇Λ  nicht singulär ist 
 
(𝐹 = 𝛼𝑦 + 𝛽𝑧 − 𝛾 = 0) 
 

𝑋 =

𝛼𝛽 00 … 00
00 𝛼𝛽 … 00
⋮
00

⋮
00

⋱
…

⋮
𝛼𝛽

 

 

𝐴 = (

𝑦1𝑧1 −1
𝑦2𝑧2 −1
𝑦𝑚𝑧𝑚 −1

)                𝑋𝜎𝑋𝑇 = (

𝛼2 + 𝛽2 0 … 0

0 𝛼2 + 𝛽2 … 0
⋮
0

⋮
0

⋱
…

⋮
𝛼2 + 𝛽2

) 

 

(𝑋𝜎𝑋𝑇)−1 =
1

𝛼2 + 𝛽2
𝐼𝑚 

 

𝐴𝑎 − 𝑥0 ≡ 𝜉             𝜎 = 𝑠 𝐼 
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𝐴𝑇(𝑋𝜎𝑋𝑇)−1(

𝑦1 𝑦2 … 𝑦𝑚
𝑧1 𝑧2 … 𝑧𝑚 
−1

 
−1

 
…

 
−1

) 

 
𝛼 = −[𝐴𝑇(𝑋𝜎𝑋𝑇)−1𝐴]−1𝐴𝑇(𝑋𝜎𝑋𝑇)𝐹0 
 
 
wenn sie nicht singulär ist 
 

𝐹 = (
𝐺(𝑥, 𝑎)

𝐻(𝑎)
)                           0             𝛼 + 𝛽 + 𝛾 = Π 

 

𝑋 = (
(
𝜗𝐺

𝜗𝑥
)

0
)                 (

𝜗𝐺

𝜗𝑥
) = 𝑦          

 

𝑋𝜎𝑋𝑇 = (𝑌𝜎𝑌
𝑇 0

0 0
)       

 
Folgendes: 
 

𝐴 = (
𝐵
𝐶
) = (

(
𝜗𝐺

𝜗𝑎
)

(
𝜗𝐻

𝜗𝑎
)

)                   Λ = (
𝑀
𝑁
) 

 

(
𝑌𝜎𝑌𝑇 0 𝐵
0 0 𝐶
𝐵𝑇 𝐶𝑇 0

)(
𝑀
𝑁
𝛼
) + (

𝐺0
𝐻0
0

) = (
0
0
0
) 

 
/ singulär, invertierbar 
 
 

(
𝐴 𝐵
𝐶 𝐷

)                         A, D quadratisch u. nicht gleichzeitig singulär 

 
 
 
zu invertieren 
 

(
𝐴 𝐵
𝐶 𝐷

) (
𝑈 𝑉
𝑋 𝑌

) = (
𝐼 0
0 𝐼

) 

  

|𝐴|2 + |𝐷|2 ≠ 0 →  |𝐴| ≠ 0 
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𝐴𝑈 + 𝐵𝑋 = 𝐼 
𝐶𝑈 + 𝐷𝑋 = 0 
 

𝑈 = 𝐴−1(𝐼 − 𝐵𝑋) 
𝑈 = 𝐴−1 + 𝐴−1𝐵(𝐷 − 𝐶𝐴−1𝐵)−1𝐶𝐴−1 

 
(−𝐶𝐴−1𝐵 + 𝐷)𝑋 + 𝐶𝐴−1 = 0 
𝑋 = −(𝐷 − 𝐶𝐴−1𝐵)−1𝐶𝐴−1 
 
 
𝐴𝑈 + 𝐵𝑋 = 𝐼
𝐶𝑈 + 𝐷𝑋 = 0

        |       − 𝐵𝐷−1,   𝑎𝑑𝑑𝑖𝑒𝑟𝑒𝑛   

 
 
 

𝑈 = 𝐴−1 + 𝐴−1𝐵(𝐷 − 𝐶𝐴−1𝐵)−1𝐶𝐴−1 = (𝐴 − 𝐵𝐷−1𝐶)−1⏟                                    
𝐼𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝑠−𝐿𝑒𝑚𝑚𝑎

 


